Although a kinematic framework for diagnosing frontogenesis exists in the form of the Petterssen frontogenesis function and its vector generalization, a similar framework for diagnosing airstream boundaries (e.g., drylines, lee troughs) has not been constructed. This paper presents such a framework, beginning with a kinematic expression for the rate of change of the separation vector between two adjacent air parcels. The maximum growth rate of the separation vector is called the instantaneous dilatation rate and its orientation is called the axis of dilatation. Similarly, a maximum decay rate is called the instantaneous contraction rate and its orientation is called the axis of contraction. These expressions are related to the vector frontogenesis function, where the growth rate of the separation vector corresponds with the scalar frontogenesis function, and the rotation rate of the separation vector corresponds with the rotational component of the vector frontogenesis function.
Introduction
Interesting weather in the atmosphere often occurs along boundaries between different air masses. Fronts are one example of such boundaries, as flows with convergence and deformation concentrate isotherms at the edges of air masses. In conjunction with this frontogenesis, secondary horizontal and vertical ageostrophic circulations result to restore thermal-wind balance, as per geostrophic and semigeostrophic theory. Other examples of boundaries include drylines, lee troughs, and baroclinic troughs (Sanders 1999) , features that are fundamentally characterized by abrupt changes in wind speed and direction, but, unlike fronts, are not necessarily associated with, or characterized by, temperature gradients [see the discussion in section 2b of Cohen and Kreitzberg (1997) and in section 4 of Sanders (1999) ]. We term these features airstream boundaries because airstreams having different origins are brought closer together to form boundaries in the flow.
A kinematic framework to diagnose frontogenesis in a Lagrangian sense (following air parcels) has a long history (e.g., Petterssen 1936; Miller 1948; Keyser et al. 1988; Keyser 1999) . In contrast, whereas frameworks to study the coherence of airstreams have been developed (e.g., Carlson 1980; Browning 1986 Browning , 1990 Wernli and Davies 1997; Wernli 1997) , quantitative approaches to diagnose the boundaries between airstreams have not been as extensively studied. One approach is that of Cohen and Kreitzberg (1997) . They define the average contraction rate C as the time-averaged rate at which the three-dimensional distance between two adjacent air parcels changes over some previous finite time period t ending at t = 0:
where r(t) is the distance between the two parcels at time t. Cohen and Kreitzberg (1997) calculate C by computing air-parcel trajectories from mesoscale model output over the entire model domain back in time 12 h. The distances between adjacent trajectories at their origins, r(-12 h), and their final locations, r(0), can then be used to calculate C as expressed in (1). As shown in Cohen and Kreitzberg (1997) , regions of large positive 12-h average contraction rate are associated with airstream boundaries in a rapidly developing midlatitude cyclone. Thus, the average contraction rate can be used as a quantitative measure of the strength of an airstream boundary. Such a diagnosis of average contraction rates, however, requires computing fluid-parcel trajectories, a computationally expensive process requiring specialized code. In addition, four-dimensional gridded wind data, often at very high temporal and spatial resolution, are required to calculate trajectories accurately. Thus, a large amount of data is needed to compute airstream boundaries using the approach of Cohen and Kreitzberg (1997) . If, however, a kinematic expression for the contraction rate were possible, the development of airstream boundaries could be assessed much more easily.
The purpose of this paper is to develop an expression for the contraction rate using fundamental kinematic quantities. In section 2, expressions are derived for the instantaneous dilatation and contraction rates. These kinematic expressions are the maximum and minimum rates of change of the distance between two adjacent air parcels, respectively, and the instantaneous contraction rate is the instantaneous analog to the time-averaged contraction rate C. In addition, the instantaneous contraction rate is related to the expression for accumulation (Saucier 1955, section 10.39 ) and the frontogenesis function (Petterssen 1936; Keyser et al. 1988) . The axis of dilatation represents the direction of maximum stretching of fluid parcels by the deformation in the flow. When vorticity is present in the flow, the vorticity will rotate air-parcel pairs from the regions of maximum instantaneous dilatation and contraction rates. Consequently, expressions for what we term the asymptotic dilatation and contraction rates are derived in section 3. The directions associated with the asymptotic dilatation and contraction rates are called the asymptotic dilatation and contraction axes, respectively. Where the asymptotic contraction rate is positive, the asymptotic dilatation axis represents the orientation of the instantaneous processes acting to create an airstream boundary. In addition, the asymptotic dilatation rate is related to the instantaneous local Lyapunov exponent. These derivations yield an intriguing expression for what we term the fluid-trapping diagnostic. This diagnostic is a measure of whether adjacent air parcels approach each other, separate from each other, or are trapped together in an eddy. Such a diagnostic can be used to assess whether the flow is characterized by straining or eddies. In a straining-dominated flow, adjacent air parcels approach or separate from each other. In contrast, in an eddy-dominated flow, the separation vector between adjacent air parcels oscillates in length and rotates, trapping the fluid inside the eddies. The fluid-trapping diagnostic has wider applications to turbulence, chaos, and predictability (e.g., McWilliams 1984; Benzi et al. 1988; Pierrehumbert and Yang 1993) . The utility of these expressions is illustrated in section 4 by their application to an idealized, nondivergent flow resembling an extratropical cyclone in a diffluent jet-exit region, where regions of large asymptotic contraction rate correspond to airstream boundaries. The article concludes in section 5 with a summary and some possible applications of these kinematic expressions to observed atmospheric flows. Appendix A is a list of symbols found in this paper. A derivation of the instantaneous local Lyapunov exponent discussed in section 3 is presented in appendix B.
Instantaneous dilatation and contraction rates
Consider two fluid parcels separated by a vector distance δr(t), the infinitesimal vector analog to r(t) in (1). Owing to gradients of fluid motion within the flow, the velocity of the two parcels may be different, leading to a change in their vector separation δr(t). If δr(t) changes quickly, trajectories of the fluid parcels would be highly dependent on their initial positions. Such sensitive dependence of parcel trajectories on their initial positions is characteristic of chaotic flow and has implications for the predictability of the flow.
To simplify analysis and interpretation, only horizontal motions are considered. To represent the time dependence of the separation in two dimensions between these two fluid parcels, the separation vector for a small period of time δr(t) is written in terms of a growth rate σ and rotation rate ω:
where the real and imaginary parts of δr(t) can be viewed as components of a vector (δx, δy):
Written in this way, the magnitude of the separation vector would increase exponentially with time at a rate σ and the separation vector would rotate with an angular frequency ω. These expressions can be solved for σ and ω, resulting in the growth rate and rotation rate of the separation vector throughout the flow for small times. From (3), the rate of change of the separation vector is
A Taylor expansion over a small time period, retaining only the linear terms, yields
This is equivalent to the linear strain rate of a fluid element in each direction (e.g., Kundu 1990, 54-55) . Doswell (1984) showed that the neighborhood of a point within which neglect of higherorder terms is valid is approximately one-tenth the horizontal scaling length. Substituting (2) and (3) into (4) Substituting δx = |δr| cos φ and δy = |δr| sin φ, where φ is the orientation of the parcel pair, yields
Using trigonometric relationships, these expressions can be simplified to
where divergence D = ∂u/∂x + ∂v/∂y, relative vorticity ζ = ∂v/∂x − ∂u/∂y (hereafter referred to as vorticity), stretching deformation E st = ∂u/∂x − ∂v/∂y, and shearing deformation E sh = ∂u/∂y + ∂v/∂x. In general, at each point in the flow, an orientation ψ d exists for which the growth rate σ is largest and an orientation ψ c exists for which the growth rate is smallest. These maximum and minimum values of σ occur where
Solving the above equation leads to the following relationship:
The orientation ψ d corresponds to the axis of dilatation, the orientation of maximum growth rate. The value of this maximum growth rate σ| φ=ψ d is termed d, the instantaneous dilatation rate. The other orientation ψ c corresponds to the axis of contraction, the orientation at which the growth rate is a minimum. Correspondingly, the instantaneous contraction rate c is defined as the negative of the minimum growth rate (i.e., the maximum decay rate −σ| φ=ψ c ). The instantaneous contraction rate c is the instantaneous analog to the average contraction rate C in (1). Note that the two solutions to (6) must be orthogonal (i.e., ψ c = ψ d + π/2), because tan 2φ = tan 2(φ + π/2). Thus, one orientation can be obtained via
and the other orientation can be obtained by adding π/2 to (7). To rewrite the expressions for the growth and rotation rates (5a) and (5b) in terms of ψ (i.e., ψ d and ψ c ), (6) can be expressed as:
where the resultant deformation E = (E 2 st + E 2 sh ) 1/2 , and the two signs on the right-hand side correspond to the two values of ψ. As can be shown by taking the second derivative of σ with respect to φ, the positive value corresponds to ψ d and the negative value corresponds to ψ c . Using these expressions in (5a) and (5b), the deformation terms E sh and E st , which depend on the coordinate system, are replaced by the preferred Galilean-invariant resultant deformation E (hereafter, referred to simply as deformation): σ = 1 2 (±E sin 2ψ sin 2φ ± E cos 2ψ cos 2φ + D), ω = 1 2 (±E sin 2ψ cos 2φ ∓ E cos 2ψ sin 2φ + ζ).
Employing trigonometric identities yields
It can be shown that σ in (8a) equals the negative of the partial derivative along an arbitrarily chosen direction of the projection of vector wind velocity onto the same direction. A similar relationship appears in the expressions for the frontogenesis function, as discussed later in section b. When φ = ψ, ω = ζ, implying that, for parcel pairs situated along the axes of dilatation or contraction, vorticity is the only process by which rotation of these parcel pairs occurs. In addition, when φ = ψ, σ is either a maximum or minimum with the values:
respectively. The right-hand side of (9) is maximum when the sign is positive and minimum when the sign is negative, in agreement with the meaning identified earlier. Because the instantaneous dilatation rate is defined as the maximum growth rate d, and the instantaneous contraction rate is defined as the negative of the minimum growth rate c,
and
To simplify notation, the expressions in (8a) and (8b) for σ and ω, respectively, can be written in terms of ψ d :
The maximum counterclockwise (positive) or clockwise (negative) rotation rate occurs 45 • between the axes of dilatation and contraction. Using (11b), these maximum and minimum rotation rates, Ω + and Ω − , can be determined:
This equation shows that deformation increases the maximum rotation rate of the parcel pair over that due to vorticity alone. Likewise, deformation decreases the minimum rotation rate of the parcel pair over that due to vorticity alone.
a. Examples
To illustrate these expressions for some idealized flow patterns, consider a flow field:
where (u 0 , v 0 ) represents a uniform translation. Here, we assume that the derivatives of the wind field, as well as u 0 , v 0 , D, E sh , E st , and ζ, are constant in space and time, following the assumptions from the Taylor expansion in (4). Similar idealized flow structures were illustrated in Petterssen (1936; 1940, chapter 5; 1956 , section 2.7). Figure 1a shows the above flow field with a pure uniform deformation E:
. The frontogenetic aspects of this flow were first discussed by Bergeron (1928) . Both the instantaneous dilatation and contraction rates are uniform over the domain and are equal to E by (10a) and (10b), respectively. Because of the linear nature of the flow in (13a) and (13b), ψ d and ψ c have the same orientation at every point in the flow, although this is not the case in nonlinear flows. The axes of dilatation and contraction are always perpendicular to each other in this, and every, flow (e.g., Fig. 1 ). When divergence equal and opposite to the deformation is added to the flow (Fig. 1b) , c = E and d = 0, such that the flow is characterized by pure contraction and no dilatation. The airstream boundaries in the two flows in Fig. 1 are oriented east-west, parallel to the axis of dilatation. 
b. Relationship to accumulation and the vector frontogenesis function
Because σ and ω reflect the instantaneous motion of any parcel pair (i.e., changes in the magnitude and orientation of the corresponding separation vector), the time tendency of conserved passive tracers can be diagnosed using these expressions. For example, given a conserved quantity Q,
where ∇ = i ∂/∂x + j ∂/∂y, and δr = |δr|, the distance separating two parcels oriented along the gradient. The time tendency of the magnitude of the gradient can be written
From (2),
where
is the local orientation of a line of constant Q and is perpendicular to the orientation of the separation vector φ (i.e., φ = η + π/2). This expression for σ represents the linear strain rate in the direction of the gradient. Thus, (14) can be written
Substituting (11a) yields
This expression is termed accumulation A(Q) (e.g., Saucier 1955, 363-373) . For example, if Q is the potential temperature θ, (15) becomes
which is equivalent to the Petterssen (1936) frontogenesis function F . As shown by (2.3a) and (2.10a) in Keyser et al. (1988) , F is related to expressions for the scalar frontogenesis function F n of the vector frontogenesis:
Similarly, by multiplying |∇θ| by the rotation rate ω| φ=η (i.e., the rotation rate valid for a parcel pair oriented along the isentrope or, more simply, the rotation rate of the isentrope) in (11b), the expression for the rotational component F s of the vector frontogenesis function, (2.10b) in Keyser et al. (1988) , can be derived:
As discussed in more detail by Keyser et al. (1988) , the expression for F n is equal and opposite to the Lagrangian frontogenesis function F developed by Petterssen (1936) . Equation (16a) expresses the result that, if the angle between the axis of dilatation and the isentrope is less than 45 • , deformation is frontogenetical. Convergence is frontogenetical irrespective of the orientation of the isentropes. Diagnosis of F n for a given flow field indicates the forcing for vertical motion on the frontal scale.
Equation (16b), on the other hand, expresses a measure of the rotation of the isentropes, where positive values of F s imply cyclonic rotation. For example, if the axis of dilatation is oriented between 0 • and 90 • counterclockwise of the isentropes, the thermal gradient rotates counterclockwise. In the Northern Hemisphere, cyclonic vorticity results in the counterclockwise rotation of the thermal gradient, whereas anticyclonic vorticity results in the clockwise rotation of the thermal gradient, both irrespective of the orientation of the isentropes. Diagnosis of F s for a given flow field indicates the forcing for vertical motion on the scale of the baroclinic wave. Keyser et al. (1988) also showed the relationship between the vector form of the frontogenesis function and the Q vector (Hoskins et al. 1978) . Colman (1993, 1994) , for example, have applied these concepts to observed weather events.
To summarize this section, relationships were developed based on the rate of change of the separation vector, the infinitesimal vector connecting two adjacent air parcels. The instantaneous dilatation and contraction rates d and c were introduced, and their relationship to axes of dilatation and contraction, ψ d and ψ c , respectively, were detailed. The maximum and minimum rotation rates for adjacent air parcels, Ω + and Ω − , respectively, were presented. The intimate relationship between the growth rate of the separation vector σ and scalar frontogenesis function F n , and the rotation rate of the separation vector ω and the rotational component of the vector frontogenesis function F s , was demonstrated. In addition, all the above expressions are written in terms of Galilean invariant quantities, implying that these expressions are not dependent on a particular reference frame. This framework identifies the strength and orientation of airstream boundaries in flows with deformation and divergence. When vorticity is present, however, more general expressions to diagnose the airstream boundaries may be required. These are developed in the next section.
Asymptotic dilatation and contraction rates
Consider the Petterssen (1936) frontogenesis function F . The frontogenesis function quantitatively assesses the instantaneous processes that lead to a changing magnitude of the horizontal potential temperature gradient from the perspective of an air parcel. In other words, the Petterssen (1936) frontogenesis function is a kinematic Lagrangian expression: the existence of a region of positive F does not necessarily imply that a front eventually forms in that area. Because Petterssen (1936) frontogenesis is an instantaneous Lagrangian diagnostic, air parcels must travel within regions of large frontogenesis to experience the prolonged effects of frontogenesis. As noted by Hoskins and West (1979, p. 1674) , Hoskins (1982, p. 146) , Xu (1988 Xu ( , p. 1234 , and Rotunno et al. (1994, p. 3373) , the formation of a front occurs where air parcels reside in a region of positive Petterssen (1936) frontogenesis for a sufficiently long time. Doswell (1984) showed that, although vorticity could not contribute directly to Petterssen (1936) frontogenesis, it could rotate the isotherms into a position in the flow that was more favorable frontogenetically.
The diagnostics in the last section are very much analogous to these aspects of frontogenesis. Although ψ d and ψ c represent the orientations of maximum growth and decay, respectively, of the separation vector between adjacent parcels, in general, parcels oriented along these axes experience such rates of growth and decay (d and c, respectively) instantaneously only. These diagnostics cannot express the long-term formation and evolution of airstream boundaries, much as Petterssen (1936) frontogenesis cannot express the long-term formation and evolution of fronts. The goal of this section is to derive expressions to describe the long-term behavior of air-parcel pairs.
Consider a flow with pure deformation (Fig. 1a ) or a flow with deformation and divergence (Fig. 1b) . As was shown in section a, the axis of dilatation and the airstream boundary have the same orientation in such flows. If a parcel pair is oriented along the axis of dilatation, it experiences the largest instantaneous dilatation rate for that location instantaneously. When vorticity is present, however, parcel pairs cannot stay in that orientation, as discussed in regard to (8b); in other words, vorticity rotates the air-parcel pair away from the axis of dilatation. In a similar way, the axis along which the strongest deformation occurs (axis of dilatation) is not the same axis along which the air parcels experience long-term separation. It follows that the axis of dilatation may not be the axis along which the airstream boundary forms, as is shown for fronts in which the axis of dilatation forms an acute angle with the front (Keyser et al. 1988; Bishop 1996; Schultz 2004 ).
Because rotation is responsible for moving air-parcel pairs out of alignment with the axes of dilatation and contraction, the instantaneous contraction rate reflects a long-term growth rate only if the air-parcel pair is aligned with an axis of zero rotation. Consequently, (8b) is solved when
where φ has been replaced with χ, the orientation of the axis of nonrotation. In order for a unique axis of nonrotation to exist, (17) states that E ≥ |ζ|. When E ≥ |ζ|, the two solutions to (17) are
where χ d and χ c are called the asymptotic dilatation axis and asymptotic contraction axis, respectively. These correspond to the axis of outflow and axis of inflow, respectively, of Petterssen (1936; 1940, 252-256; 1956, p. 38) . When |ζ| > E, there is no solution where ω = 0, and no asymptotic dilatation or contraction axes exist. When ζ = 0, φ = χ, and the axis of dilatation and axis of contraction are equal to the asymptotic dilatation axis and asymptotic contraction axis, respectively (e.g., section a). Equation (17) can be rewritten
Squaring the expression for the growth rate σ, (11a), and employing (19) yields:
Because E ≥ |ζ| for an axis of nonrotation to exist, (20) is maximum when the sign following D is positive and is minimum when the sign is negative. Consequently, χ d and χ c are defined such that σ| φ=χ d ≥ σ| φ=χc .
Defining the asymptotic dilatation rate (D) and the asymptotic contraction rate (C) to be the growth rate along φ = χ d and the negative of the decay rate along φ = χ c , respectively,
The asymptotic dilatation rate, D, represents the long-term rate at which the distance between two adjacent parcels increases for steady-state wind fields that vary linearly with the spatial coordinates. Conversely, the asymptotic contraction rate, C, represents the long-term rate at which the distance between two adjacent parcels decreases, given the same conditions. We use the term asymptotic to describe these diagnostics because asymptotic implies long-term behavior given enough time.
What constitutes "long-term" is a length of time during which the steady-state (or slowly varying) and Taylor-expansion approximations made earlier in this paper are valid. Analogous to frontogenesis, these diagnostics represent locations where the flow is acting to create airstream boundaries instantaneously. If the flow is steady and the wind field varies linearly in space, the asymptotic dilatation axis is the eventual location of the airstream boundary. Even though we use the adjective asymptotic to represent the long-term behavior of the airparcel pairs, it is important to highlight that these diagnostics are computed kinematically from instantaneous fields. Although these expressions are exact instantaneously, they are only estimates of the long-term behavior of time-varying flow, as shown later in the paper for an idealized flow. Application of these diagnostics to real nonsteady atmospheric flows is the subject of future research.
These expressions are similar to those for the instantaneous rates d and c, (10a) and (10b), respectively, except for the addition of the vorticity ζ in (21a) and (21b). Therefore, by including the effect of vorticity, the expressions for the instantaneous dilatation and contraction rates become expressions for the asymptotic dilatation and contraction rates, respectively.
Finally, the orientation of χ c is aligned along the direction in which the separation vector experiences its most rapid rate of contraction in the longer term, much as ψ c represents the directions in which the separation vector experiences its most rapid rate of decrease instantaneously. Thus, if an airstream boundary were to form, χ d represents its likely orientation, given the assumptions about steady, linear flow. Because such long-term or time-averaged contraction rates are related to airstream boundaries (section 1), the asymptotic dilatation axis and asymptotic contraction rate are proposed to be better measures of the development of airstream boundaries than the axis of dilatation and instantaneous contraction rate. This statement is reminiscent of that in Petterssen (1940, p. 255) : "the axis of outflow [asymptotic axis of dilatation] is not a creator of fronts but a collector of fronts; for though frontogenesis may occur anywhere in the field, the line of frontogenesis will move toward this axis, and the resulting front will be found at this axis, or close to it" (Petterssen's emphasis).
a. Examples
Because the flow in Fig. 1 possessed no vorticity, by (18a) and (18b), asymptotic axes of dilatation and contraction align along the axes of dilatation and contraction, respectively. Thus, the airstream boundary occurs where the axis of dilatation occurs.
Next, consider the flow fields shown in Fig. 2 , the same as those in Fig. 1 except for the addition of vorticity (ζ = 0.6E). Whereas parcel pairs oriented along the axes of dilatation and contraction (ψ d and ψ c ) in Fig. 1 would remain oriented along those axes, in Fig. 2 parcel pairs oriented along the axes of dilatation and contraction would rotate away from those axes and eventually reach the asymptotic dilatation axis (χ d ). Clearly, the airstream boundaries lie along the asymptotic axes of dilatation in these two flows. Adding a constant uniform flow to these flow fields would eliminate the col point at the origin where the wind speed is zero, but the asymptotic dilatation and contraction axes, as well as the axes of dilatation and contraction, would remain unchanged. Thus, in these two flows, although the maximum instantaneous dilatation rate occurs along the axes of dilatation (ψ d ), the airstream boundaries occur along the asymptotic axes of dilatation (χ d ). The effect of the vorticity (ζ = 0.6E) is to rotate the asymptotic axis of dilatation about 18 • counterclockwise from the axis of dilatation and to rotate the asymptotic axis of contraction about 18 • clockwise from the axis of contraction.
Unlike the axes of dilatation and contraction, χ d and χ c need not be orthogonal (e.g., Fig. 2 ). Indeed, the angle between χ d and χ c is zero when the magnitude of the vorticity equals the deformation, as per (18a) and (18b) (e.g., Fig. 3 , which is the same as Fig. 1 except that ζ = E). In this case (Fig. 3) , the flow is sheared across a northeast-southwest-oriented shear line. Since This result is consistent with that of Keyser et al. (1988) , Bishop (1996) , and Schultz (2004) who showed that fronts with vorticity do not align along the axis of dilatation, but at some angle cyclonically rotated from the axis of dilatation. In such a case, the deformation along the front acting to rotate the isentropes anticyclonically offsets the vorticity along the front acting to rotate the isentropes cyclonically, as described by (18a). These competing effects are demonstrated in the idealized shear flow in Keyser et al. (1988, their Figs. 5 and 6) , where the vorticity equals the deformation along the shear line (x = 0), producing the axes of dilatation 45 • anticyclonically to the shear line.
When the magnitude of the vorticity is greater than the deformation, no axes of zero rotation exist (e.g., Fig. 4 , which is the same as Fig. 1 except that ζ = 1.2E ). In such a situation, when the flow is nondivergent, the fluid is trapped (e.g., Fig. 4a ). When the flow possesses divergence, parcel pairs will spiral around and approach each other when D < 0 (e.g., Fig. 4b ) or spiral around 
b. Development of the fluid-trapping diagnostic: Relationship to the Lyapunov exponent
The expressions for D in (21a) and C in (21b) represent the long-term rate at which the distance between two adjacent parcels increases or decreases, respectively. Depending on the value of D and the sign of E 2 − ζ 2 , however, C may be purely real, purely imaginary, or complex. If the flow is nondivergent, the interpretation can be simplified. In this case, D = C, implying that the rate at which adjacent air parcels approach each other along the asymptotic contraction axis is the same rate at which air parcels separate along the asymptotic dilatation axis, as would be expected in nondivergent flow. (Because D = C, we choose C to represent the growth rate of an airstream boundary to maintain consistency with C and c from earlier in this paper.) In nondivergent flow, C is either real and nonnegative when E 2 − ζ 2 ≥ 0 or is purely imaginary when E 2 − ζ 2 < 0. If C is real and nonnegative, then adjacent parcels separate from each other (e.g., Fig. 2a and Fig. 3a) . If C is purely imaginary (e.g., Fig. 4a ), these parcels are isolated from the surrounding flow (i.e., trapped). Therefore, C can be used to describe the behavior of air-parcel pairs in time and is dependent on the sign of E 2 − ζ 2 . Note that D 2 and C 2 , if nondivergent, are equal to the product of Ω + and Ω − , what we term Ω 2 , the fluid-trapping diagnostic.
[As an aside, Petterssen (1953) , Xu (1990 Xu ( , 1992 , and Keyser (2000, 2004) showed that Ω 2 is proportional to the square of the ageostrophic vorticity (Q in Cunningham and Keyser 2000) .] A similar result was discussed by McWilliams (1984) for a two-dimensional idealized simulation of turbulent equivalent-barotropic flow and Pierrehumbert and Yang (1993) for a passive tracer being advected on a two-dimensional, nondivergent, isentropic surface. Benzi et al. (1988 ), Schubert et al. (1999 , and Keyser (2000, 2004 ) also derived similar expressions. As these studies noted, the relative magnitudes of deformation and vorticity (or, equivalently, the sign of E 2 − ζ 2 ) can be used to distinguish between so-called straining or turbulent regions of the fluid dominated by deformation (E > |ζ|) and so-called eddy or neutral regions of the fluid dominated by vorticity (|ζ| > E). This analysis can be extended to flows with divergence, such that the eddy region will expand in divergent flow and contract in convergent flow.
As shown in appendix B, expressions for D and C can also be derived from calculating the two eigenvalues of the flow, λ 1 and λ 2 , where the separation vector can be expressed as a linear combination of two eigenvectors:
Written in this form, the eigenvectors point along χ d and χ c , the axes where ω = 0. When either A or B is zero, the separation vector is constrained to move along one eigenvector direction. This is equivalent to restricting ω to be zero, implying that λ = σ| φ=χ . For nondivergent flow, the eigenvalue associated with the asymptotic dilatation rate D is positive, and the eigenvalue associated with the asymptotic contraction rate C is negative. At large t, the term in (23) with the positive eigenvalue dominates, and, thus, only one eigenvalue is needed. The single eigenvalue at large t is called the Lyapunov exponent.
In studies of chaotic mixing of geophysical fluids (e.g., Pierrehumbert and Yang 1993; references in Zeng et al. 1993) , the Lyapunov exponent is used as a measure of the maximum uncertainty of a parcel's future position as a function of the uncertainty in its initial position. The Lyapunov exponent λ represents the maximum growth rate of parcel-pair separations averaged over the fluid. Thus, there is some similarity between the Lyapunov exponent and our diagnostic D, where λ is long term and D is instantaneous, and where λ is averaged over the entire flow and D is local. Thus, we can say D represents the instantaneous local Lyapunov exponent, which is dependent on both time and position.
The use of the instantaneous local Lyapunov exponent to investigate the stretching of fluid elements is not new. For example, similar expressions have been developed previously by Batchelor (1952) , Vuorela (1953), and Welander (1955) . The instantaneous local Lyapunov exponent is also related to the efficiency factor used in studies of mixing, such as Fairlie et al. (1999) , where the efficiency factor is equivalent to the square of the instantaneous local Lyapunov exponent. Thus, the asymptotic dilatation rate D, or equivalently the instantaneous local Lyapunov exponent, helps to bridge the gap between the kinematic framework posed by synoptic meteorology and the theoretical framework of turbulent mixing.
To summarize this section, we showed that flows with vorticity would possess airstream boundaries differing in orientation from the axis of dilatation, if E ≥ |ζ|. Expressions for the asymptotic dilatation and contraction axes were derived and the asymptotic dilatation axis was proposed to represent the location of the airstream boundary better than the axis of dilatation. The asymptotic dilatation rate is also related to the instantaneous local Lyapunov exponent and a fluid-trapping diagnostic that can be used to assess where the flow is characterized by eddies (e.g., trapped flow). Finally, in this section, these diagnostics were applied to steady, idealized, linear flows. Applying these diagnostics to a nonsteady, idealized, nonlinear flow is the subject of the next section.
Application to an ideal cyclone
To illustrate the application of these diagnostic expressions from sections 2 and 3 to an idealized atmospheric flow, we choose a synoptic-scale flow pattern featuring both deformation and vorticity. We choose a nondivergent framework in which to illustrate these diagnostic expressions to simplify the interpretation. Nevertheless, these results could be generalized to more complex flows using the full divergent formulation in this paper. Even in such a nondivergent flow, contraction between air-parcel pairs occurs and airstream boundaries form. After a brief description of the model, two aspects of the flow are examined: the evolution of parcel pairs in section a and the airstream boundaries in section b.
We construct an idealized synoptic-scale flow pattern representing an extratropical cyclone in a diffluent background flow by embedding an idealized Doswell (1984) vortex [also discussed by Davies-Jones (1985) and Doswell (1985) ] in nondivergent, diffluent flow as discussed in Schultz et al. (1998) . This flow pattern is placed in a time-dependent, nondivergent barotropic model on an f plane, adapted from that of Smith et al. (1990) . Details of the barotropic model and experimental setup can be found in section 4 of Schultz et al. (1998) . Except for weak numerical diffusion, potential temperature is a conserved passive tracer in this model. The evolution of the cyclone and potential-temperature field is shown in Fig. 5 of this paper and in Fig. 13 of Schultz et al. (1998) . At the initial time, the flow field acts on a potentialtemperature gradient oriented to the south (i.e., isotherms are oriented east-west) and the relative vorticity of the total horizontal wind is circularly shaped (Fig. 5a ). Twelve hours later (Fig. 5b) , the isentropes are rotated cyclonically by the vorticity. In addition, both the isentropes and the relative vorticity maximum are stretched by the background deformation field (Fig. 5b) . At 24 h, the isentropes continue to be wrapped cyclonically around the cyclone (Fig. 5c) , analogous to the occlusion process in the Norwegian cyclone model (e.g., Bjerknes and Solberg 1922) .
a. Evolution of parcel pairs
To examine the fluid-trapping properties of the flow, we apply the diagnostic C. Because the flow is nondivergent, we look for negative values of Ω 2 where adjacent fluid parcels are trapped. Regions of trapped fluid are found near the center of the cyclone and in two regions northeast and southwest of the cyclone (Fig. 6) . Unlike the relative vorticity (Fig. 5) , the region of negative Ω 2 values near the cyclone center is not stretched as much by the deformation field. Thus, care should be taken in trying to relate fluid trapping to the location of the vorticity maximum, as sometimes happens when viewing water-vapor satellite imagery of a drier region commonly attributed to previously descended air associated with a short-wave trough. For an example of such a dry region associated with a short-wave trough, see Muller and Fuelberg (1990) .
To confirm the fluid trapping, sample trajectories of parcel pairs inside and outside of the region of negative Ω 2 near the cyclone center are computed and displayed in Fig. 6 . Unlike parcel pairs outside this region (e.g., A/B and E/F), parcel pairs inside this region do not separate, but are trapped in this two-dimensional flow (e.g., C/D). Thus, the parcels near the cyclone center in the region of negative Ω 2 are isolated from the surrounding flow.
Outside the region of negative Ω 2 near the center of the cyclone, deformation is greater than the magnitude of the vorticity and parcel pairs separate along the asymptotic dilatation axis, χ d (Fig. 7) . For example, parcels I and J are initially located in a region of large asymptotic contraction rate and their separation vector δr is oriented parallel to the asymptotic dilatation axis (Fig. 7a) . Consequently, the magnitude of δr for I/J increases by 12 h and 24 h (Figs. 7b,c) . In contrast, parcels G and H are located in the same region of large asymptotic contraction rate but their separation vector δr is oriented nearly perpendicular to the asymptotic dilatation axis (Fig. 7a) . In this case, the magnitude of δr between G and H (i.e., their separation) decreases (Fig. 7b) .
By 12 h, the separation vector for parcels G and H rotates and becomes oriented nearly parallel to the asymptotic dilatation axis (Fig. 7b) . Thus, like parcel pair I/J, G/H finds itself in an orientation such that these parcels, too, separate by 24 h (Fig. 7c) . In general, two parcels in a region of large asymptotic contraction rate inevitably separate as they rotate to become parallel to the asymptotic dilatation axis. Near the center of the cyclone, Ω 2 < 0, so no axis of nonrotation (χ d ) exists, as air parcels in this region are trapped (e.g., Fig. 6 ).
b. Airstream boundaries
As discussed in section 1, the average contraction rate C can be used as a measure of the strength of an airstream boundary for flows. The 12-h average contraction rate ending at 24 h computed for the ideal cyclone shows the largest values located within two north-south-oriented regions southeast and northwest of the cyclone center (Fig. 8a). [Due to the scale-contracting effect of divergence, the regions of large 12-h average contraction rates for this nondivergent flow are broader than they would be in the atmosphere for a rapidly developing cyclone, such as the one investigated in Cohen and Kreitzberg (1997) .] The similarity between the largest 12-h average contraction rates and the strengthening fronts is characteristic of the airstream boundary separating the warm and cold air masses (Fig. 8a) .
As discussed in section 3, the asymptotic contraction rate is expected to be more closely related to the strength of airstream boundaries than the instantaneous contraction rate. Figures 8a,b show the strong similarity between C and the asymptotic contraction rate, especially outside the cyclone center, supporting our expectation. A comparison between the asymptotic and instantaneous contraction rates and axes shows that, outside of the cyclone center, the two are also very similar in magnitude and in orientation (cf. Figs. 8b and 8c) . Although the orientations of the axes of dilatation and asymptotic dilatation axes are similar for this idealized cyclone, Figs. 2 and 3 show these axes can be dramatically different in other flow patterns.
Near the cyclone center where air parcels are trapped (e.g., Fig. 6 ), the differences are quite substantial. Whereas the asymptotic contraction rate is imaginary, the instantaneous contraction rate is positive and large (cf. Figs. 8b and 8c) . The strong shear in the center of the vortex implies a large instantaneous dilatation rate where parcels are separating at an instant, as in Fig. 4 , but the parcels are ultimately trapped, so the asymptotic contraction rate is imaginary.
As mentioned earlier, both the instantaneous contraction rate and asymptotic contraction rate potentially represent instantaneous measures of airstream boundaries. Even with positive c and C, the airstream boundary may be weakening or strengthening depending on whether the value is less than or greater than the average rate C. As such, it would be illuminating to compare the history of the instantaneous and asymptotic rates and see the relationship between the strength and position of the 12-h airstream boundary and the diagnostic quantities. To do this, the instantaneous and asymptotic contraction rates are averaged along the paths of the parcel trajectories. (Because the asymptotic contraction rate is only exact if the flow is steady and the gradients are constant in space, such a Lagrangian-averaged asymptotic contraction rate is one attempt to measure the real long-term separation rate.)
Before performing such a Lagrangian average, we first show what the calculation looks like for a field easier to interpret: potential temperature. In Fig. 9a , regions of large ∇θ are shaded, indicating the regions of large potential temperature gradients at 24 h. In Fig. 9b , the instantaneous values of frontogenesis have been determined along the parcel trajectories over the previous 12 hours, and an average rate of frontogenesis is shaded at the ending points of the trajectories. Where the Lagrangian-average frontogenesis is large, the potential temperature gradient is also large (cf. Figs. 9a and 9b ). Unfortunately, a perfect match is not possible, because the average frontogenesis represents the average change in potential temperature gradient and the initial potential temperature gradient was not uniform throughout the domain. Nevertheless, the similarity in these fields should illustrate the meaning of the Lagrangian average. Such an interpretation of frontogenesis is consistent with the idea that the strongest fronts occur where the forcing for frontogenesis is strong and where air parcels reside in regions of frontogenesis for a long time (e.g., Hoskins and West 1979; Hoskins 1982; Xu 1988; Rotunno et al. 1994 ).
Returning to the contraction rates, we wish to compare the 12-h average airstream boundaries computed by the Cohen and Kreitzberg (1997) method (Fig. 10a) with the 12-h Lagrangian-average asymptotic contraction rate (Fig. 10b ) and the 12-h Lagrangian-average instantaneous contraction rate (Fig. 10c) . Whereas Figs. 10b and 10c are very similar, there are some slight differences within the vortex. In particular, the former more accurately reproduces the strength of the airstream boundaries within the vortex, supporting our contention that the asymptotic contraction rate more accurately reflects the longer-term evolution of air-parcel pairs.
The match isn't perfect, however. Within the vortex, there appears to be a weak airstream boundary collocated with the center of the vortex (Fig. 10a) , a feature also seen in the integrated instantaneous contraction rates (Fig. 10c) . This feature is attributed to enhanced deformation in that area, leading to periodic stretching and compression of the air-parcel pairs as they revolve around each other. Extending the integration to longer time scales removes this feature (not shown).
Whether this pattern holds in real storms remains a subject for future research. However, there is at least one flow structure for which airstream boundaries may be best reflected in the instantaneous contraction rate: cases of pure shear (e.g., Fig. 3a) . In these cases, a boundary is still apparent (indicated by the axis marked χ d in Fig. 3a) and parcels on opposite sides of the boundary move apart with time. However, since D = 0 and ζ = E, the asymptotic contraction rate C is zero. This is because the separation of parcel pairs straddling the boundary grows linearly with time rather than exponentially. The orientation of the boundary still mirrors the asymptotic dilatation axis (as opposed to the axis of dilatation), but, in such cases, the instantaneous contraction rate might better reflect the strength of the airstream boundary.
Concluding discussion
Owing to gradients of temperature and momentum in the atmosphere, sharp boundaries in temperature and wind develop, known as fronts and airstream boundaries, respectively. Although a diagnostic framework for interpreting fronts has existed for some time, less attention has been devoted to a similar framework for boundaries in the wind field. In our attempt to form such a framework, we unite previously disparate topics such as the frontogenesis function (Petterssen 1936; Keyser et al. 1988) , average contraction rate (Cohen and Kreitzberg 1997) , axis of outflow (Petterssen 1940, 252-256; 1956, p. 38) , and Lyapunov exponent (Zeng et al. 1993) . The principal components of this framework include the following elements.
1. Expressions for the separation rate σ and rotation rate ω of two adjacent fluid parcels are derived. At any given time in the fluid, the axis of dilatation ψ d is the direction along which the separation rate is greatest (the instantaneous dilatation rate d) and is perpendicular to the axis of contraction ψ c , where the rate of approach is greatest (the instantaneous contraction rate c).
2. These expressions for separation and rotation rates are similar to those for the vector frontogenesis function (Keyser et al. 1988) , where the separation rate is related to the scalar frontogenesis (F n ) and the rotation rate is related to the rotational frontogenesis (F s ).
3. The asymptotic dilatation and contraction rates D and C represent the local long-term rates at which two adjacent air parcels separate and approach, respectively, along the axes of nonrotation, also known as the asymptotic dilatation axis χ d and asymptotic contraction axis χ c , respectively.
4. The instantaneous local Lyapunov exponent, a diagnostic from chaotic mixing studies, is equivalent to the asymptotic dilatation rate D and, in nondivergent flow, the square root of Ω 2 , the product of the maximum and minimum local rotation rates. These diagnostics can be used to distinguish among parcel pairs being pulled apart, being pushed together, or trapped together in an eddy.
These diagnostics were applied to an idealized cyclone in a nondivergent, barotropic model to identify regions of trapped fluid and to quantitatively diagnose the growth and rotation of the separation vector associated with parcel pairs along airstream boundaries. In addition, because the asymptotic dilatation rate is equivalent to the instantaneous local Lyapunov exponent, the diagnostics can also be applied to predictability studies in order to determine the rate at which air-parcel trajectories would instantaneously diverge from each other.
Although the example presented in section 4 was for a nondivergent idealized flow, these results could be extended for divergent flows. The inclusion of divergence would only modify the essential aspects presented in this paper rather than present dramatically different results, especially for large-scale flows in which divergence tends to be small relative to vorticity and deformation.
This work has three additional implications that are not explored here. First, the distribution of instantaneous local Lyapunov exponent provides information about the power spectra and turbulent mixing within flows such as the atmosphere (e.g., Pierrehumbert and Yang 1993; Schubert et al. 1999) . Second, these diagnostics can be used to explore the difference in the location and strength of gradients of a passive tracer and gradients in a buoyancy field (like temperature). As discussed by MacVean and Woods (1980) and Parker (1999) , there can be substantial differences between these two for certain flow fields. Third, although the fluid-trapping diagnostic is strictly only applicable in two-dimensional flow, it can be employed on a nearly conserved surface in three dimensions (e.g., potential vorticity, potential temperature) to illustrate the three-dimensional trapping effects of eddies in geophysical fluids.
Finally, these diagnostics provide new opportunities to diagnose airstream boundaries and fluid trapping in weather phenomena at a variety of scales from mesocyclones in supercell thunderstorms to extratropical cyclones. The application of these diagnostics to nonidealized, observed flow fields in the atmosphere remains a topic for future research.
Appendix A. List of symbols A, B eigenvectors A(Q) accumulation of passive tracer Q (Saucier 1955, 363-373) 
